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Abstract The general procedure for analyzing the localiza-
tion of matter fields in Brane models is by integrating, in the
action, its zero mode solutions over the extra dimensions.
If this is finite, the field is said to be localized. However,
the zero mode solutions must also satisfy the Einstein equa-
tions. With this in mind, we obtain stringent constraints on
a general energy-momentum tensor by analyzing the Ein-
stein’s equations. These consistency conditions must be sat-
isfied for any Braneworld model. We apply it for some fields
of the Standard Model. For a free massless scalar field, the
zero-mode localization is consistent only if the field does
not depend on the extra dimensions. About the spin 12 field
with Yukawa-like interactions, we find a very specific re-
lation between Yukawa function and the warp factor. As a
consequence, the spinor field localization becomes incon-
sistent for most of the models studied in the literature. For
the free vector field case, we find that the zero-mode do not
satisfy the consistency conditions. Finally, we consider the
mechanisms proposed to localize this field. We find that a
few survive, and even for these, the consistency conditions
fix the free parameters or the possible class of solutions al-
lowed.
1 Introduction
Braneworld scenarios gained prominence after the emergence
of the 5D warped models introduced by Randall-Sundrum
(RS) [1, 2]. Since then, many other models with localized
gravity have been proposed. Some of them also in 5D, such
as: thick brane generated by scalar fields with different po-
tential functions [3, 4]; deformed brane models with inter-
nal structure [5, 6]; thick brane with purely geometric fea-
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tures [7]; beyond proposals in cosmological contexts [8]; or
f (R) theories [9], among others. A comprehensive and more
detailed review of thick braneworld can be found in Ref.
[10]. Besides these 5D scenarios, other proposals in higher-
dimensional configuration were presented. For example, in
6−dimension, braneworld models generated by string-like
topological defect with a scalar field [11, 12]; vortex de-
fect in the context of abelian Higgs model [13]; or cigar-
like thick braneworld [14, 15]. And also, versions of these
models in cosmological context [16, 17], among others [18–
20]. There are also proposals in higher-dimensional scenar-
ios [21–24]. Amid this large variety of works, we can find
some with the focus on the general features of braneworlds,
as the Refs. [25, 26]. In these papers are studied the consis-
tency of the gravitational field, Newton’s law on the brane,
search for resonant gravitational modes, and other related
issues.
In this braneworld context, beyond the gravitational field,
the issue of the Standard Model (SM) fields localization
should also be verified. Some general studies have been per-
formed in the literature. The Ref. [27] presents a detailed
study of the free spin 0, 12 and 1 fields localization in RS-
II delta-like brane model. Among these fields only the free
scalar field and the left-handed spinor can be confined on
that model. In Refs. [28–31] was analyzed the localization
of the above fields for thick branes embedded in AdS5 space.
For these cases, the scalar and the left-handed spinor can
be confined, and again the U(1) gauge field is not local-
ized. Another study, performed for thick branes embedded
in dS5 space [32, 33], showed the same results for the scalar
and the spinor fields, however, unlike the early models, the
free vector field can be confined in such models. This same
analysis was also performed for other dimensional config-
urations. In 6D string-like models, for example, the Refs.
[34, 35] show that the free spin 0 and 1 fields can be local-
ized. In Ref. [36], the author shows that, beyond the scalar
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2and the U(1) vector fields, the free spin 12 field can also
be confined on the brane. In arbitrary higher-dimensions,
the Refs. [37, 38] obtained the same results above for the
Standard Model fields. With this, we already have an indi-
cation that the confinement of fields, mainly the spinor and
the gauge vector fields, is closely related to the geometric
features of space. In another direction, aiming to obtain the
localization of fields, some mechanisms were proposed. For
example, in Refs. [39–43] the localization of spin 12 field is
obtained for various braneworld scenarios by proposing a
Yukawa-like coupling. The Ref. [44] provides the confine-
ment of a non-abelian Yang-Mills field by introducing non-
minimal couplings with gravity. Among others, for these and
other fields, for those and various other braneworld models
[45–49].
In most 5−dimensional braneworlds, the free U(1) gauge
field cannot be confined, as mentioned above. However, by
adding some suitable interaction terms, that field can be lo-
calized. For example, in RS-II like models, the localization
can be obtained by adding an interaction term between a
3-form field (topological term) and the vector field [50];
or by proposing a non-covariant mechanism with two mass
terms, one in the bulk and another just in brane [51], the con-
finement is obtained by fine-tuning these mass parameters;
or still, by proposing non-minimal interactions between the
gravity and the vector field through the Ricci scalar [52, 53].
For 5D thick brane models, the Refs. [54–59] proposed a
modified kinetic term of the vector gauge field by adding
couplings with a scalar field function. In 6D models, the Ref.
[60] proposed a delta-like brane generated by brane inter-
section and, to confine the vector field, the author proposes
interaction terms between this and the scalar Ricci, and/or
the Ricci tensor. In higher-dimensional models, the Ref. [61]
carried out a general study of the abelian vector field local-
ization through the couplings with the scalar and the Ricci
tensor.
Despite these various results indicate that the Standard
Model fields can be well-defined on the braneworld scenar-
ios, there is not yet a study on the consistency of the lo-
calization procedure. Generally, when we talk about fields
localization on braneworlds, it means that we wish to factor
out an action S(D) defined on the bulk into a sector contain-
ing an effective action S(4)e f f on the 3-brane and an integral
K in the coordinates of the extra dimensions. Thus, we say
that the theory is well-defined, i.e., the field is localized on
the brane, when the integral K is finite. In this manuscript,
we aim to analyze the consistency of this localization pro-
cedure with the Einstein’s equations for the SM fields. Spe-
cial attention is paid to the U(1) gauge field, both the free
field and the cases where some localization mechanism is
used. This work is organized as follows: In section (2), we
obtain two general consistency conditions that must be sat-
isfied by any field in order that the localization procedure to
be consistent. We apply these conditions for spin 0 and 12
fields in sections (3) and (4), respectively. In section (5), we
carry out the consistency analysis for the vector field, free
and with some localization mechanism. Conclusions are left
for section (6).
2 Einstein Equations - Consistency Conditions
To perform a more general and comprehensive discussion,
let us consider a braneworld in (D = d + n)−dimensions
with metric given by the generic ansatz
ds2 =gMNdxNdxM = e2σ(y)gˆµν(x)dxµdxν+ g¯ jk(y)dy jdyk.(1)
Where d is the brane dimension, indexed by (µ,ν , ..), and n
is the number of extra dimensions, labeled by ( j,k, ..). Be-
yond this, the metric (1) will be considered diagonal with
signature (−,+,+, ..).
As mentioned before, in the study of fields localization
on braneworld scenarios like (1), we wish to factor out a
matter Lagrangian like
S =
∫
ddxdny
√
−g(D)L (D)(x,y), (2)
into an effective action on the brane and an integral in the
extra dimension, i.e.,
S =
∫
dny f (y)
∫
ddx
√
−gˆd(x)L (d)e f (x)
= K
∫
ddx
√
−gˆd(x)L (d)e f (x). (3)
From this, we say that the theory is well-defined, or the
field is localized, if K is finite. In doing this, the metric (1)
is considered only as a background previously determined
by some process. And also, it is assumed that the matter
Lagrangian (2) will not change the background geometry.
Here, we will discuss exactly the consistency of this last as-
sumption by studying the Einstein’s equations.
The Einstein-Hilbert action for an arbitrary braneworld
model, with a matter Lagrangian like (2), can be written as
S = Sbrane +Smatter
=
∫
ddxdny
√−g
[
1
2κ2
(R−2Λ)+L b(y)+L m(x,y)
]
.(4)
Here,L b is related to the brane generation mechanism, and
it is a function only of extra dimensions. The term L m is
the matter Lagrangian related to the Standard Model fields,
which the confinement should be studied. By performing the
variation of action (4) with respect to the metric, we get the
bellow Einstein’s equations
RMN− 12gMNR+gMNΛ = κ
2
(
T bMN +T
m
MN
)
. (5)
We should add to Eq. (5) the equations of motion (EOM)
related to the fields in the Lagrangians L b, and L m. For-
tunately, these EOM’s are not important to our discussion,
3and they will not be written here. From metric (1), we can
get the Ricci tensor components,
Rµν(x,y) = Rˆµν(x)− 1d gˆµν(x)e
−(d−2)σ(y)∇k∇kedσ(y), (6)
R jk(x,y) = R¯ jk(y)−de−σ(y)∇ j∇keσ(y), (7)
and the components R jµ = 0. From these, the Ricci scalar
can be written as
R(x,y) = Rˆ(x)e−2σ + R¯(y) − de−σ(y)∇k∇keσ(y)
− e−dσ(y)∇k∇kedσ(y), (8)
where R¯ = g¯ jkR¯ jk and Rˆ = gˆµν Rˆµν . That way, the Eq. (5)
can be separated in the following two equations
Gµν(x,y)+gµν(x,y)Λ = κ2
[
T bµν(x,y)+T
m
µν(x,y)
]
, (9)
G jk(x,y)+g jk(x,y)Λ = κ2
[
T bjk(x,y)+T
m
jk (x,y)
]
. (10)
By using Eqs. (6), (7) and (8), the equation (9) can be written
as
Gˆµν(x)+ gˆµν(x)
[
1
2
S(y)− 1
2
R¯(y)+Λ
]
e2σ(y)
= κ2
[
T bµν(x,y)+T
m
µν(x,y)
]
, (11)
where S(y)= (d−1)[2∇k∇kσ +d∇kσ∇kσ]. When the equa-
tion (11) is solved to obtain the vacuum braneworld metric,
the matter Lagrangian L m is considered equal to zero, and
the Lagrangian L b is a function only of the extra dimen-
sions. In this setup, T bµν(x,y)= gˆµν(x)e
2σ(y)L b(y), and, with
this, we can perform the separation of variables in Eq. (11)
as[
1
2
S(y)− 1
2
R¯(y)+Λ −κ2L b(y)
]
e2σ(y) = α, (12)
with α a constant that will be interpreted as the cosmolog-
ical constant on the brane. Thus, braneworld metric in the
vacuum (L m = 0) should satisfy the equation (12). In the
study of fields localization, where the starting point is the
matter Lagrangian L m, the metric is exactly that obtained
in the vacuum, and therefore it satisfies (12). Now, let us as-
sume that Eq. (12) is still valid even after adding Lagrangian
L m. With this, Eq. (11) can be written as,
Gˆµν(x)+ gˆµν(x)α = κ2T mµν(x,y). (13)
Thus, we observe that the left-hand side of (13) does not de-
pend on the extra dimensions y j, therefore, for consistency
reasons, the energy-momentum tensor of matter field should
satisfy the following condition
T mµν(x,y) = Tˆ
m
µν(x). (14)
About equation (10), it can also be simplified by using Eqs.
(6), (7) and (8). By doing this, we get a condition on the
components T mjk given by
T mjk (x,y) =
{
0, or
g¯ jk(y)e−2σ(y)T¯ m(x).
(15)
These consistency conditions, (14) and (15), are completely
independent of the brane model, the number of extra dimen-
sions, and also of the matter field considered in L m. That
way, such conditions have a general valid, and should be
satisfied for any model with the features considered above.
Note that these conclusions are closely related to the pos-
sibility of the metric not changing by the presence of mat-
ter fields. In other words, these consistency conditions mean
that back-reaction effects from the matter fields on the bulk
geometry can be eliminated. Let us apply these results for
some known cases.
3 Applications - Scalar field
Let us start by discussing the scalar field localization. The
Lagrangian for a massless scalar field in the braneworld model
(1) is given by
L m(x,y) =−1
2
∂MΦ(x,y)∂MΦ(x,y). (16)
In studying the localization of this field, we can obtain the
equation of motion
e(d−2)σ
√
g¯∂µ
[√
−gˆgˆµν∂νΦ
]
+
√
−gˆ∂ j
[√
g¯edσ g¯ jk∂kΦ
]
= 0, (17)
where g¯ is the determinant of g¯ jk(y), and gˆ is the determinant
of gˆµν(x). With this, by proposing Φ(x,y) = φ(x)ξ (y), it is
possible to separate the variables for the zero-mode as
1√−gˆ∂µ
[√
−gˆgˆµν∂νφ0(x)
]
= 0, (18)
−e
−(d−2)σ
√
g¯
∂ j
[√
g¯edσ g¯ jk∂kξ0(y)
]
= 0. (19)
From this, a solution for (19) can be obtained, and the lo-
calization can be analyzed. As discussed in many Refs. [27–
29, 32, 34, 36, 54, 55], there is a constant solution for (19)
that can be confined for a wide variety of models. In order to
test the consistency conditions (14) and (15) for zero-mode,
let us calculate the energy-momentum tensor from (16). In
doing this, we get
T mMN(x,y) = −
2√−g
δ (
√−gL m)
δgMN
= ∂MΦ(x,y)∂NΦ(x,y)+gMNL m(x,y). (20)
By using the constant solution ξ0(y) = c0 for (19), the com-
ponents T mµν , obtained from equation (20), can be written as
T mµν(x,y) = c
2
0
[
∂µφ(x)∂νφ(x)+ gˆµν(x)Lˆm0 (x)
]
. (21)
Therefore, the consistency condition (14) is immediately sat-
isfied. About condition (15), we can get, from (20), for the
zero-mode, that
T mjk (x,y) = g¯ jk(y)e
−2σ(y)c20Lˆ
m
0 (x). (22)
4Thus, by comparing this with (15), we conclude that both
consistency conditions are satisfied. Therefore, the free scalar
field (zero-mode) localization is consistent with Einstein’s
equations, and any possible back-reaction effect from the
scalar field on the background metric must be caused by
the massive modes. Note that nowhere was it necessary to
define the braneworld model, or the number of extra dimen-
sions, for the consistency conditions to be met. In this way,
these results for the zero-mode of scalar field are valid for a
wide variety of models, whether for those with thin or thick
brane, and for arbitrary codimension.
4 Applications - Spinor field
Now let us see briefly the spin 12 field localization for an
arbitrary codimension 1 model. In this particular configura-
tion, the metric (1) will be written as
ds2 = e2σ1(y)gˆµν(x)dxµdxν + e2σ2(y)dy2, (23)
with µ,ν = 1,2, ...,d (even). Beyond this, the consistency
conditions are given by
T mµν(x,y) = Tˆ
m
µν(x), and T
m
jk (x,y) =
{
0, or
e2(σ2−σ1)T¯ m(x).
(24)
We will consider the spinor field coupled to an arbitrary
scalar function f (y) through a Yukawa-like interaction term.
In order that the Lagrangian for this case will be written as
L m(x,y) =−iΨ¯ΓMDMΨ +λ f (y)Ψ¯Ψ , (25)
where DM = ∂M +ωM , andωM = 14ω
ab
M ΓaΓb are the spin con-
nections. The Gamma matrix in curved space ΓM are related
to those in a local flat frame by1 ΓM(x,y) = EMa (x,y)Γ a.
From (25), the following equation of motion can be ob-
tained,[
iΓMDM−λ f (y)
]
Ψ = 0. (26)
By defining2 Eµa (x,y) = e−σ1 eˆ
µ
a (x), E
y
a = 0 (a = 1,2, ..,d),
Eµd+1 = 0 and E
y
d+1 = e
−σ2δ yd+1, the spin connections can be
calculated
ωµ(x,y) = ωˆµ(x)+
1
2
∂yσ1ΓµΓ y, ωy(x,y) = 0. (27)
And with this, the equation (26) gives us
iΓˆ µ(x)DˆµΨ − i d2 e
σ1∂yσ1Γ yΨ + ieσ1Γ y∂yΨ
− λeσ1 f (y)Ψ = 0, (28)
1Here, the index M,N, .. are related to the curved space, and a,b, .. are
related to the flat space. Beyond this, the vierbein satisfies EMa E
Na =
gMN , and the Gamma matrix satisfy
{
ΓM ,Γ N
}
=−2gMN .
2The vierbein eˆµa (x) should satisfy eˆ
µ
a (x)eˆνa(x) = gˆµν (x).
where Dˆµ = ∂µ + ωˆµ(x). Here, to solve the above equa-
tion, let us consider that the zero-mode solution satisfies
−iΓˆ µ DˆµΨ0 = 0. That way, we get for the massless mode
i
d
2
eσ1−σ2∂yσ1Γ d+1Ψ0 − ieσ1−σ2Γ d+1∂yΨ0
+ λeσ1 f (y)Ψ0 = 0. (29)
At this point, we will use a Gamma matrix representation
such that, Γ d+1 is a d×d diagonal matrix (remember that d
is even) in the following shape
Γ d+1 = i
[
I d
2
0 d
2
0 d
2
−I d
2
]
, (30)
where I d
2
is a d2 × d2 identity matrix. Thus, we can define the
d
2 -dimensional spinorsΨ
±
0 (x,y), such that,
Ψ0(x,y) =
[
Ψ+0 (x,y)
Ψ−0 (x,y)
]
=
[
ψ+0 (x)ξ
+(y)
ψ−0 (x)ξ
−(y)
]
. (31)
And, Eq. (29) can be split as
±d
2
∂yσ1ξ±(y)∓∂yξ±(y)−λeσ2 f (y)ξ±(y) = 0. (32)
The zero-mode solutions for (32) are given by
ξ+(y) = c1e−λ
∫
y dy
′eσ2(y′) f (y′)+ d2 σ1 , (33)
ξ−(y) = c2eλ
∫
y dy
′eσ2(y′) f (y′)+ d2 σ1 . (34)
Therefore, by specifying the function f (y), and the warp
factors σ1 and σ2, the localization discussion can be per-
formed. As we are interested in verify the consistency con-
ditions (24), let us calculate the energy-momentum tensor
for these zero-mode solutions. From Lagrangian (25), we
get the components
T mµν(x,y) = e
σ1(y)ξ 20
[
ψ¯Γˆ(µ Dˆν)ψ+ gˆµν(x)Lˆm0 (x)
]
. (35)
Then, the first consistency condition in (24) is satisfied if
eσ1(y)ξ 20 (y) is a constant quantity. By using the solutions
(33) and (34), we get
±2λ
∫
y
dy′eσ2(y
′) f (y′)+(d +1)σ1(y) = κ±, or
±2λeσ2(y) f (y)+(d +1)σ ′1(y) = 0. (36)
Here, κ± are constants, and prime is the derivative with re-
spect to the extra dimension. These relations in (36) should
be valid for any value of y. Note that, already for the free
case (λ = 0), consistency cannot be obtained. In fact, we
should have σ ′(y) = 0, and this is not satisfied for any non-
factorizable braneworld model. For models with λ 6= 0, we
conclude that the spinor field localization can be made con-
sistent with Einstein’s equations only if f (y)∝ e−σ2(y)σ ′1(y).
When we analyze some models in the literature, the mech-
anism presented in Refs. [27, 37], for RS-II model [2], can
be made consistent. However, for thick brane models, the
localization mechanisms presented in Refs. [39–43, 54] are
not consistent, in such way those mechanisms should be re-
viewed. Otherwise, the braneworld metric should be modi-
fied to take into account the presence of the spinor field.
55 Applications - Vector field
Now, we will discuss the consistency of the vector field lo-
calization. This subject was already treated early in the liter-
ature for codimension 1 delta-like models [62]. In such ref-
erence, the authors show that the free vector field localiza-
tion (zero-mode) is not consistent with Einstein’s equations.
Here, let us discuss this issue for the free field in an arbi-
trary braneworld and also for some localization mechanisms
commonly used in the literature.
5.1 Free vector field localization
To start the discussion, we will consider the free field in a
brane model with metric given by (1). The Lagrangian for
this case can be written as
L m(x,y) =−1
4
FMNF
MN , (37)
with FMN = ∂MAN − ∂NAM . By calculating the equations
of motion, we get
∂M
[√−gFMN]= ∂µ [√−gF µN]+∂k [√−gF kN]= 0.(38)
Here, we can proposeAN =
(
A Tµ +∂µθ ,Bk
)
with ∂ µA Tµ =
0, and thus the equation (38) can be split, for the components
A Tµ , as
∂µ
[√−ggµνgλρF Tνλ]+∂k [√−ggk jgνρ∂ jA Tν ]= 0. (39)
The equations of motion for the fields θ and Bk will not
be important to our discussion, thus they will not be written
here. From Eq. (39) and by proposingA Tµ (x,y)= Aˆ
T
µ(x)ξ (y),
we can get
1√−gˆ∂µ
[√
−gˆFˆµρT (x)
]
= m2AˆρT (x), (40)
−e
−(d−4)σ(y)
√
g¯
∂k
[√
g¯g¯k je(d−2)σ(y)∂ jξ (y)
]
= m2ξ (y). (41)
Now, as well as we did for the scalar and spinor fields, the
equation (41) can be solved for m2 = 0 and, with these zero-
mode solutions, the vector field localization can be studied.
Equation (41) has a constant, ξ0(y) = c0, and also a non-
constant solution for the zero-mode. This last one is closely
related to the braneworld and its specific form is model de-
pendent. Fortunately, in most cases, the constant zero-mode
solution is the only one that can be confined [34, 36, 37, 61].
We are interested in studying the consistency of the con-
finement, therefore let us obtain the energy-momentum ten-
sor for the Lagrangian (37). By doing this, we get
T mMN(x,y) =FMP(x,y)F
P
N (x,y)+gMNL
m(x,y). (42)
And, for the zero-mode, the components T mµν can be written
as
T mµν = e
−2σ(y)ξ 20 (y)
[
FˆTµρ(x)Fˆ
T ρ
ν (x)+ gˆµν(x)Lˆ
m
0 (x)
]
. (43)
From this, the consistency condition (14) is satisfied only
if e−2σ(y)ξ 20 (y) = const. As a first result, we get that the
constant zero-mode solution cannot satisfy this requirement,
and this is codimension independent. Therefore, for all those
models where the confinement is performed with such solu-
tion, the localization is not consistent. For 5D models, the
free gauge field cannot be confined because the K integral in
(3) is not finite [27, 54]. In this way, the result obtained from
(43) just confirms the non-localization of this field. How-
ever, most interesting results are obtained for codimension 2
and higher-dimensional models. In the literature, there are a
large variety of models in these dimensional configurations
where the metric (1) gets the particular shape [11, 12, 14,
15, 37]
ds2 = e2σ(r)gˆµν(x)dxµdxν +dr2 + e2σ2(r)dΩ 2n−1. (44)
Localization for free vector field in such scenarios was al-
ready studied [34–36, 38, 63, 64]. Generally, for all these
references, the constant zero-mode solution is confined given
that the K integral, in (3), is finite. However, by using our
consistency conditions, we get that the localization of the
free gauge field in such scenarios is not consistent. There-
fore, even with a localized zero-mode, it is not possible to
ignore back-reaction effects from the U(1) gauge field on
the backgorund geometry. Of course, there are still other
braneworld models where the metric is not like that in (44),
as those in Refs. [20, 21, 60]. However, the conclusion for
these cases is the same: the constant zero-mode solution is
not consistent with Einstein’s equations. That way, the vec-
tor field localization really seems to need a mechanism to be
consistent, and in the next section we will discuss some of
them.
5.2 Vector field localization through mechanisms
Now, we will review some mechanisms used to confine the
abelian vector field. Again, the focus is to verify the con-
sistency of localization procedure with Einstein’s equations.
Let us first consider the codimension 1 braneworld models.
In this dimensional configuration, the metric (1) can be writ-
ten as
ds2 = e2σ(y)gˆµνdxµdxν + e2σ2(y)dy2. (45)
With this, we can discuss the consistency for a wide variety
of models, whether with thin or thick brane, with or without
internal structure.
i) Scalar field coupling
Let us start by considering a localization mechanism com-
monly used to confine the spin 1 field on thick branes [54–
56, 58]. In these models, the gauge field is coupled to some
6scalar function G(y) through an action like the one given
below
S =−1
4
∫
ddxdy
√−gG(y)FMNFMN . (46)
The function G(y) will be defined later for some known
cases. By calculating the equation of motion and assuming
the gaugeAM = (Aµ ,Ad+1 = 0), we get the separated equa-
tions
1√−gˆ∂µ
[√
−gˆgˆµρ gˆνλFρλ
]
= m2gˆνλ Aˆλ (x), (47)
−e
−(d−4)σ−σ2
G
∂y
[
e(d−2)σ−σ2G∂yξ
]
= m2ξ , (48)
where, we already used the metric (45) and also Aµ(x,y) =
Aˆµ(x)ξ (y). Beyond this, the effective action on the brane
can be written as
S =−1
4
∫
ddx
√
−gˆ[Fˆµν Fˆµν+2m2Aˆµ Aˆµ]K. (49)
where, Neumann boundary conditions was used for ξ (y),
and the quantity K is given by
K =
∫
dye(d−4)σ(y)+σ2(y)G(y)ξ 2(y). (50)
With this, by observing (49), a gauge field (massless mode)
on the brane can be obtained by doing m2 = 0. Moreover, by
properly choosing the function G(y), this massless mode can
be confined. In Refs. [54, 55] this function is chosen in the
form G(y) = eλpi(y), where pi(y) is a scalar field, namely the
dilaton. From this, the zero-mode localization is obtained for
some values λ . In Ref. [56] the authors get a general form
for G(y), that should be valid for an arbitrary thick brane
with σ2(y)= 0. In another direction, Ref. [65] proposes G(y)
as a function of the Ricci scalar, and also for this case the
localization can be obtained.
Let us turn back to the consistency conditions (14) and
(15). From action (50), the energy-momentum tensor can be
written as
T (mat)MN = G(y)
[
FMPF
P
N −
1
4
gMNFPQFPQ
]
. (51)
Thus, by using the above configuration and considering only
the zero-mode solution, we get
T (mat)µν = G(y)e
−2σ(y)ξ 20 (y)
[
Fˆµρ(x)Fˆ
ρ
ν (x)
− 1
4
gˆµν(x)Fˆµν(x)Fˆµν(x)
]
. (52)
where ξ 20 (y) is the zero-mode (m
2 = 0) solution of (48).
From expression (52), we get that the consistency condi-
tion (14) is satisfied only if G(y)e−2σ(y)ξ 20 (y) = const.. That
way, by using the constant solution for the massless mode
ξ0(y), we conclude that G(y) only can assume the specific
form G(y) = e2σ(y). The same conclusion is obtained from
the condition (15).
That condition on the function G(y) considerably re-
stricts the allowed models for this type of coupling. For ex-
ample, in Ref. [54], the authors define G(y) = e
λ
2 σ(y). In this
case, we get that the coupling constant λ must be defined as
λ = 4, for the localization to be well-defined. In Ref. [55]
is used G(y) = eτ
√
3rσ(y), and the localization is obtained
for τ ≥ −√ r3 , with 0 < r < 1; or τ > −√ 13r , with r > 1.
By using our consistence condition, we get that τ = 2√
3r
.
Therefore, for both references localization can be done con-
sistently. There is a very interesting reference, namely [56],
where function G(y) is defined as G(y) = G(φ) ∝ ∂W
2s(φ)
∂φ ,
with s a constant, and W (φ) the superpotential related to the
scalar field φ(y) which generate the braneworld. The authors
show that for a brane model generated by scalar field with
Sine-Gordon potential [3], i.e.,
W (φ)=3bcsin
[√
2
3b
φ
]
, with φ(y) =
√
6barctan(cy) ,(53)
function G(φ) is given by G(y) = sech2s (2cy) and localiza-
tion can be obtained. When we compare this with our re-
sult, which for the specific model [3] stays G(y) = e2σ(y) =
sech2b (2cy), the constant s should be s = b. On the other
hand, for the brane model [54], where
W (φ) = av
(
φ − φ
3
3v2
)
, with φ(y) = varctan(ay) , (54)
the Ref. [56] obtain G(y) = sech4s (ay). Now, by using our
result G(y) = e2σ(y) = sech4b (ay)e−b tanh2(ay), we see that
functions G(y) does not match, and the superpotential (54)
does not allow a consistent localization. Similar result can be
obtained for deformed thick brane models [5]. This conclu-
sion indicates that G(y)=G(φ)∝ ∂W
2s(φ)
∂φ have not a general
validity as localization mechanism, i.e., it does not work for
any braneworld model. Therefore, except for (53), the func-
tion G(y) = G(φ) ∝ ∂W
2s(φ)
∂φ does not provide a consistent
localization for the gauge field (zero-mode). Another inter-
esting model is presented in Ref. [65], where G(y) is func-
tion of the Ricci scalar, namely,
S =−1
4
∫
d4xdy
√−gG(R)FMNFMN . (55)
The authors argue that, if G(R) is a continuous function, the
zero-mode localization of the vector field is determined by
the behavior of G(R) when y→ ∞. They get that this func-
tion must be, asymptotically, something like G(R∞)∝ |y|−p,
with p a positive value. Considering the AdS feature of the
space, the authors show that the warp factor must be, asymp-
totically, in the shape
e2σ(y→±∞)→ |y|−2. (56)
Therefore, the consistency condition obtained by us for mod-
els like (46), i.e., G(y) = e2σ(y), can be satisfied for G(R∞)∝
7|y|−p, if p = 2. However, we cannot say that this is valid for
another range of the variable y. Moreover, there seems to be
a contradiction in the arguments used by the authors them-
selves. They propose a localization mechanism in an asymp-
totically AdS space-time, thus, the Ricci scalar is, in that
limit, R(|y|→∞)∝−CR (constant). Therefore, G(R) should
go to a constant value at that limit, and the localization can-
not be reached. Anyway, the requirement of G(R) = e2σ(y)
does not seem so easy to meet for an arbitrary model. Other
interesting points can also be discussed. For example, for
models like [54, 55], we obtain that the coupling parameter
(λ or τ) are not free, they must be fixed by consistency rea-
sons. In this way, the analysis performed in Refs. [66–68] by
research resonances of the gauge field with action like (50)
should be reevaluated. Since, there is no freedom in choos-
ing the parameters λ or τ , used to plot the graphics in those
references.
ii) G-N localization mechanism
Now, let us verify the non-covariant mechanism proposed
by K. Ghoroku and A. Nakamura (G-N) in Ref. [51]. In this
paper is used a metric like (45) with the warp factors given
by σ2(y) = σ(y) = − ln(1+ k|y|). The Lagrangian for the
vector field with G-N mechanism is written as
L m =−1
4
FMNF
MN− 1
2
[
M2 + cδ (y)
]
AMA
M. (57)
This model, although not being gauge invariant or even co-
variant, the effective theory on the brane has the desired fea-
tures: a massless vector field with gauge symmetry. After
some steps like those performed in the previous case, we
can get an EOM for the effective vector field A Tµ , and by
proposing the separation of variables A Tµ = Aˆ
T
µ(x)ξ (y), the
localization discussion can be carried out. By doing this, the
zero-mode solution can be obtained with the ansatz
ξ0(y) = c0eaσ(y), where a =− c2k =
1
k
(√
k2+M2−k
)
,(58)
and it will be localized if a > 0. With this, we can ana-
lyze the consistency conditions (14) and (15) for the energy-
momentum tensor. From the Lagrangian (57), we get for the
zero-mode
T (mat)µν (x,y) = e
−2σξ 20
[
FˆTµρ(x)Fˆ
T ρ
ν (x)
−1
4
gˆµν(x)FˆTρα(x)Fˆ
ρα
T (x)
]
. (59)
Thus, by using the zero-mode solution, we get that e−2σξ 20 =
e2(a−1)σ = const. and the consistency condition (14) will be
satisfied when a = 1. This value of a fix all parameters in
the Lagrangian (57) in the following shape, c = −2k and
|M| = √3|k|. By a similar analysis, we show that consis-
tency condition (15) gives us the same result and this local-
ization mechanism can be performed consistently.
iii) Non-minimal coupling with gravity
Finally, let us discuss the localization mechanism proposed
in Refs. [52, 53, 60]. In these works, the G-N mechanism
is used as a motivation to propose the vector field coupling
with gravity through the scalar and the Ricci tensor. The ac-
tion for this case is given by
S =
1
2
∫
ddxdy
√−g
[
−1
2
FMNF
MN +λ1RAMA M
+ λ2RMNA MA N
]
. (60)
Where d is the brane dimension, R and RMN are the scalar
and the Ricci tensor, respectively. By proposing againAM =(
A Tµ +∂µθ ,B
)
, and after some steps, it is possible to ob-
tain an EOM for the transverse field A Tµ . In order that, by
using the separation of variables A Tµ (x,y) = Aˆ
T
µ(x)ξ (y), we
obtain a zero-mode solution for ξ (y) given by
ξ0(y) = eaσ(y), with a =−2λ1 (D−1)−λ2. (61)
Beyond the additional conditions[
D−4
2
+a
]2
=
(D−4)2
4
− (λ1 (D−1)+λ2)(D−2), (62)
D−4
2
+a >
1
2
, (63)
where D = d+1. The conditions, (61) and (62), are required
for a zero-mode solution to exist, and the condition (63)
should be satisfied for that the solution ξ0 be confined on the
brane. By doing a similar analysis like that in (59), we con-
clude that the consistency conditions (14) and (15) can be
satisfied for a = 1. Therefore, this localization mechanism
can provide a confinement of the vector field consistent.
By eliminating higher-order terms, the brane components
of energy-momentum tensor for the action (60) can be writ-
ten, for the zero-mode, as
T (mat)µν (x,y) = e
−2σξ 20
[
FˆTµρ(x)Fˆ
T ρ
ν (x)+ gˆµν(x)L0(x)
]
= e2(a−1)σ
[
FˆTµρ(x)Fˆ
T ρ
ν (x)+ gˆµν(x)L0(x)
]
.(64)
Thus, we see that the condition (14) is satisfied when a = 1.
When we use a = 1, the localization condition (63) can be
written as d− 2 > 0, and it is always satisfied for models
with d ≥ 4. By doing a = 1 in Eqs. (61) and (62), we get
λ1 =− 1
(D−2)(D−1) . (65)
This result shows that vector field localization, by using the
mechanism (60), is consistent with Einstein equation only
when both interaction terms are switched on simultaneously.
Beyond this, the two parameters λ1 and λ2 are completely
fixed by consistency reasons. This result allows us to com-
ment briefly that one presented in Ref. [69], where the au-
thors plot some graphics of the potential and the relative
probability for various values of a. As we obtained from the
8consistency conditions, the parameters are fixed and such
freedom for the parameter a does not exist. In fact, the au-
thors argue that massive resonant modes can exist if a > 3,
which, when compared with our results a = 1, shows that
resonant modes cannot exist.
iv) Localization in codimension 2 or higher models
Generally, for most of the models in co-dimendion 2 or higher,
the free U(1) gauge field is already naturally confined just
by minimum couplings with gravity [34–37, 64, 70–72]. Thus,
there are not many localization mechanisms for this field in
those dimensional configurations. However, as we saw in
subsection (5.1), the free field case is already not consistent
with Einstein’s equations, so some localization mechanism
really seems to be necessary. In Ref. [60], the vector field
is confined in codimension 2 intersecting delta-like branes
by proposing a mechanism like that in equation (60). In Ref.
[61], this study is performed for a generic model with arbi-
trary codimension embedded in asymptotically AdS space.
For both cases, the results are similar to these obtained early
in item (iii). In other words, the consistency with Einstein’s
equations is obtained just when both interaction terms are
switched on simultaneously. In fact, this conclusion is codi-
mension independent for this localization mechanism. Let
the action for the vector field in a generic model with the
localization mechanism like (60) be given by
S =
1
2
∫
ddxdyn
√−g
[
−1
2
FMNF
MN +λ1RAMA M
+ λ2RMNA MA N
]
, (66)
where, d is the brane dimension and n is the codimension.
By performing some steps like that in the item (iii), we can
get a zero-mode solution given by
ξ0(y) = eaσ(y), with a =−2λ1 (D−1)−λ2. (67)
With the additional conditions[
D−4
2
+a
]2
=
(D−4)2
4
− (λ1 (D−1)+λ2)(D−2), (68)
D−4
2
+a >
n
2
, (69)
where D = d +n. Again, to verify the consistency with Ein-
stein’s equations, we need the energy-momentum tensor. By
eliminating higher order terms, the brane components of energy-
momentum tensor, for the action (66), can be written for the
zero-mode as,
T (mat)µν (x,y) = e
−2σξ 20
[
FˆTµρ(x)Fˆ
T ρ
ν (x)+ gˆµν(x)L0(x)
]
= e2(a−1)σ
[
FˆTµρ(x)Fˆ
T ρ
ν (x)+ gˆµν(x)L0(x)
]
.(70)
Thus, we see that the condition (14) is satisfied when a =
1. If we use a = 1, the localization condition (69) can be
written as d− 2 > 0, which is always satisfied for models
with d ≥ 4. By doing a = 1 in Eqs. (67) and (68), we get
λ1 =− 1
(D−2)(D−1) . (71)
Therefore, again, we get the same conclusion that presented
in the item (iii): the localization mechanism (66) is consis-
tent with Einstein’s equations only when both interaction
terms are switched on simultaneously. In this way, any back-
reaction effect from the vector field on the background met-
ric can be eliminated, at least for the zero-mode.
6 Final Remarks
In this work, we discussed the consistency of fields localiza-
tion in braneworld models. By studying Einstein’s equations
in the presence of matter fields, we obtained the constraints
(14) and (15) for the energy-momentum tensor that should
be valid for any brane model. Such constraints are a conse-
quence of the assumption used in fields localization, where
a confined matter field does not modify the bulk metric. In
this way, the localization procedure used in the literature will
be consistent only if such conditions are satisfied. We ap-
plied these consistency conditions for some cases, namely,
the spin 0, 12 and 1 Standard Model fields, with and without
localization mechanisms.
For the scalar field, as discussed in many references [27–
29, 32, 34, 36, 54, 55], there is a constant zero-mode solu-
tion that can be localized. By using this confined constant
solution, we showed in Eqs. (21) and (22) that the energy-
momentum tensor for the scalar field satisfies the consis-
tency conditions (14) and (15). Therefore, the scalar field
localization (zero-mode) is consistent with Einstein’s equa-
tions. After, we apply those conditions for the spin 12 field in
codimension 1 models, with a Yukawa-like interaction given
byL min = λ f (y)Ψ¯Ψ . Also, for this field, there is a variety of
models with this kind of coupling [39–43, 54]. For each of
these cases, a different Yukawa interaction is proposed and
the spinor zero-mode localization, actually one of the chi-
ralities, is obtained for some properly condition. About con-
sistency conditions (14) and (15), we obtained the energy-
momentum tensor (35). And from this, the spinor field local-
ization is consistent with Einstein’s equations only if f (y)∝
e−σ2(y)σ ′1(y), with σ1 and σ2 the warp factors in (23). As dis-
cussed in section (4), this relation eliminates the freedom to
choose the function f (y). With this, the Yukawa interaction
used in Refs. [27, 37], for RS-II type braneworlds, is con-
sistent with the Einstein’s equations by properly choose the
interacting parameter λ . However, for those functions f (y)
used in thick brane models like [39–43, 54], the localization
is not consistent and it should be reviewed. We must to stress
that the analysis performed for the spinor field considered
only Yukawa-like interactions, and also only in codimension
91 models. There are still other localization mechanisms and
other dimensional configurations where this analysis could
be carried out as for exemple [73].
Finally, we verified the consistency condition for the vec-
tor field. As discussed widely in the literature [27, 34, 36,
37, 61], the free gauge field (zero-mode) cannot be con-
fined in 5D, however, for some higher codimension models
it can be localized. In section (5.1), we obtained the energy-
momentum tensor (42) for the gauge field and, from this,
the consistency conditions were analyzed. As a general re-
sult, the conditions (14) and (15) are consistent for the zero-
mode vector field only if e−2σ(y)ξ 20 (y) is a constant. How-
ever, as discussed in that section, there is not zero-mode so-
lution ξ0 confined that satisfies the above condition. Such
result is independent of the braneworld model or the num-
ber of extra dimension, thus the localization of this field is
not consistent with Einstein’s equations and a mechanism
to confine it really seems necessary. In this direction, we
analyzed the consistency of some localization mechanisms
in section (5.2). For example, that mechanism proposed in
Refs. [54–56, 65], where the action for the gauge field is
given by something like (46). For these kinds of coupling,
there is a zero-mode constant solution that can always be
localized when G(y) is like Gaussian. By using the con-
sistency conditions, the localization of ξ0 = c0 is consis-
tent with Einstein’s equations just if G(y) = e2σ(y) in Eq.
(52). In this way, the Gaussian feature is confirmed, how-
ever, such expression does not present any free coupling
parameter. Beyond this, that function G(y) eliminates some
mechanism proposed in the literature, like that in Ref. [65],
where G(y) = G(R) is a function of Ricci scalar. Other in-
teresting points can still be discussed here. As there is not
a free parameter in G(y) = e2σ(y), the analysis performed
in Refs. [66–68] about resonant modes of the gauge field
with action given by (46), for models like [54, 55], should be
reevaluated. Since some results are obtained by using a free
coupling parameter, which, by our analysis, does not exist.
We also discussed the non-covariant mechanism proposed in
Ref. [51]. For this case, the zero-mode solution for the gauge
field sector is given by ξ0(y) = eaσ(y), and the consistency
conditions (14) and (15) were satisfied when a = 1. With
this value of a, all parameters in (57) were fixed, namely,
c =−2k and |M|=√3|k|. In Ref. [51] is also discussed the
localization of the scalar component, and the authors con-
clude that both sectors cannot be confined simultaneously.
Moreover, the theory does not indicate what these sectors
should be confined. Maybe, the consistency condition could
be used to solve this, but we did not perform such study here.
Inspired by this mechanism, we analyzed the localization
mechanism proposed in Refs. [52, 53]. And by starting from
(60), the consistency with Einstein’s equations was obtained
only if both interaction terms are present. And just like in
the previous cases, the parameters λ1 and λ2 in (60) were
completely fixed by consistency reasons. Beyond all these
codimension 1, higher codimension models were investi-
gated. And also for this dimensional configuration, by using
the localization mechanism (66), the consistency with Ein-
stein’s equations is possible only if both interaction terms
are switched on simultaneously. In this way, we believe that
a comprehensive analysis was performed about the consis-
tency of fields localization, and such study can be used as a
guide for building new confining mechanisms.
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